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The Error Exponent of Zero-Rate Multiterminal Hypothesis
Testing for Sources with Common Information∗

Makoto UEDA†, Nonmember and Shigeaki KUZUOKA††a), Senior Member

SUMMARY The multiterminal hypothesis testing problem with zero-
rate constraint is considered. For this problem, an upper bound on the
optimal error exponent is given by Shalaby and Papamarcou, provided that
the positivity condition holds. Our contribution is to prove that Shalaby
and Papamarcou’s upper bound is valid under a weaker condition: (i) two
remote observations have a common random variable in the sense of Gácks
and Körner, and (ii) when the value of the common random variable is
fixed, the conditional distribution of remaining random variables satisfies
the positivity condition. Moreover, a generalization of the main result is
also given.
key words: common information, distributed detection, error exponent,
multiterminal hypothesis testing, zero-rate compression

1. Introduction

We consider the multiterminal hypothesis testing problem
depicted in Fig. 1. A pair (xn, yn) of sequences of length n
is emitted from one of the two distributions PXY (null hy-
pothesis) or PXY (alternative hypothesis). At the site A, only
the sequence xn is observed and compressed to a codeword
at the rate RX . Similarly, at the site B, yn is observed and
compressed at the rate RY . The site C determines whether
to accept or reject the null hypothesis based on received two
codewords.

The main problem of the multiterminal hypothesis test-
ing is to determine the optimal error exponent [1]. In the
special case of the rate constraint called zero-rate, i.e., the
case where RX = 0 and/or RY = 0, Han [2] proved that the
optimal error exponent is lower bounded by

min
PX̃=PX
PỸ=PY

D(PX̃Ỹ‖PXY ) (1)

where the minimum is taken over all possible distributions
PX̃Ỹ satisfying PX̃ = PX and PỸ = PY . On the other hand,
Shalaby and Papamarcou [3] proved that Han’s lower bound
is tight under the positivity condition

PXY (x, y) > 0, (x, y) ∈ X × Y. (2)

In this paper, the main argument is devoted to weaken-
ing the positivity condition. In the proof given by Shalaby
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Fig. 1 Multiterminal hypothesis testing.

and Papamarcou [3], the positivity condition is needed in
order to invoke the blowing-up lemma [4]. Our key idea
is that the blowing-up lemma holds for independent but not
necessarily identical distributions, although Shalaby and Pa-
pamarcou use the lemma for i.i.d. distribution. Based on this
idea, we prove that the error exponent is upper bounded by
(1) if the alternative hypothesis PXY satisfies following two
conditions:

1. Two separate observations X and Y have a common
random variable U in the sense of Gácks and Köner;
i.e., there are two random variables U0 and U1 such
that X = (U,U0), Y = (U,U1).

2. When the value of the common random variable U is
fixed, the conditional distribution of remaining satisfies
the positivity condition; i.e., for all triplets (u, u0, u1),
PU0U1 |U(u0, u1|u) > 0.

Furthermore, we give a generalization of the result and
show that the error exponent can be determined even though
the above two conditions are not satisfied.

The rest of the paper is organized as follows. In Sect. 2,
we introduce notations used in this paper. In Sect. 3, we
formulate the multiterminal hypothesis testing problem and
explain known results. Then, we state our main theorem in
Sect. 4. The proof of the main theorem is given in Sect. 5. A
generalization of the main theorem is given in Sect. 6. Sec-
tion 7 concludes the paper.

2. Notations

Throughout this paper, random variables (e.g. X) and their
realizations (e.g. x) are denoted by capital and lower case
letters respectively. All random variables take values in
finite alphabets which are denoted by the respective calli-
graphic letters (e.g. X). For a finite set X, the nth Cartesian
product is denoted by Xn and a sequence (x1, x2, . . . , xn) ∈
Xn of the length n is denoted by xn. For a random variable
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(e.g. X), the distribution is denoted by P with the subscript
(e.g. PX). For a distribution PX , we define Pn

X by

Pn
X(xn) �

n∏
i=1

PX(xi), xn ∈ Xn.

Similarly, for a conditional distribution V : X → Y, we
define Vn by

Vn(yn|xn) �
n∏

i=1

V(yi|xi), (xn, yn) ∈ Xn × Yn.

For information quantities, we will use standard no-
tations as in [5], [6]: the entropy is denoted by H(X) or
H(PX), the divergence is denoted by D(PX‖PX̃) or D(X‖X̃),
and the conditional divergence is denoted by D(V‖W |PX) or
D(V‖W |X). Throughout this paper, log denotes the natural
logarithm.

3. Problem and Known Results

Let us consider two distributions PXY and PXY on X × Y.
The distribution PXY is called the null hypothesis, and PXY
is called the alternative hypothesis. A pair (xn, yn) of se-
quences is emitted from Pn

XY or Pn
XY

. We assume

D(PXY‖PXY ) < ∞. (3)

There are two separate remote sites A and B. At the
site A, only xn is observed and compressed by the encoder
function

fn : Xn →Mn � {1, 2, 3, . . . ,Mn} .

Similarly, at the site B, observed yn is compressed by

gn : Yn → Nn � {1, 2, 3, . . . ,Nn} .

The rate RX (resp. RY ) of the encoder function fn (resp. gn)
is defined by

RX � lim sup
n→∞

1
n

log Mn, RY � lim sup
n→∞

1
n

log Nn. (4)

We consider the hypothesis testing problem under compres-
sion at (asymptotically) zero-rate. In other words, we as-
sume that the codebook sizes Mn,Nn satisfy constraints of
the type RX = 0 and/or RY = 0.

The compressed sequences are sent to the center C
where the unknown distribution is estimated by the decoder
function

φn :Mn × Nn →
{
PXY , PXY

}
.

A triplet ( fn, gn, φn) of encoders fn, gn and a decoder φn

is called a code. Given a code ( fn, gn, φn), the acceptance
regionAn is defined by

An � {(xn, yn) ∈ Xn × Yn : φn( fn(xn), gn(yn)) = PXY } .

Then, probabilities of the error of the first kind αn and the
second kind βn are defined by

αn � Pn
XY (Ac

n), βn � Pn
XY

(An)

where Ac
n is the complementary set of An. We impose the

constant-type constraint on αn as

αn ≤ ε (5)

where 0 < ε < 1 is an arbitrarily fixed constant. Let
β∗n(ε,RX ,RY |XY, XY) denote the minimum of βn over all
possible codes ( fn, gn, φn) satisfying conditions (4) and (5).
Then, let us define

σ(ε,RX ,RY |XY, XY)

� lim inf
n→∞

1
n

log
1

β∗n(ε,RX ,RY |XY, XY)

which is called the optimal error exponent for the multi-
terminal hypothesis testing. Instead of β∗n(ε,RX ,RY |XY, XY)
(resp. σ(ε,RX ,RY |XY, XY)), we will use the notation
β∗n(ε,RX ,RY ) (resp. σ(ε,RX ,RY )), if sources XY and XY are
clear from the context.

As mentioned in Sect. 1, a lower bound on σ(ε,RX ,RY )
for the case RX = 0 was given by Han.

Proposition 1 (Direct part of Theorem 5 of [2]) Assume that
(3) holds. For all 0 < ε < 1 and R ≥ 0,

σ(ε, 0,R) ≥ min
PX̃=PX
PỸ=PY

D(PX̃Ỹ‖PXY ).

Remark 1 In [2], Han gave an upper bound of the error
exponent under the 02 rate (i.e., the codebook size Mn = 2):
If (3) holds then there exists some constant 0 < ε0 ≤ 1 such
that, for all 0 < ε < ε0 and R ≥ 0,

σ(ε, 02,R) ≤ min
PX̃=PX
PỸ=PY

D(PX̃Ỹ‖PXY ).

On the other hand, Shalaby and Papamarcou proved
that Han’s bound is tight under the positivity condition.

Proposition 2 (Theorem 1 of [3]) Assume that (2) and (3)
hold. Then, for all 0 < ε < 1 and R ≥ 0,

σ(ε, 0,R) ≤ min
PX̃=PX
PỸ=PY

D(PX̃Ỹ‖PXY ).

4. Main Theorem

Instead of the positivity condition (2), we consider the fol-
lowing condition.

Condition 1 (Conditional Positivity Condition) There are
finite sets U, U0, U1 and a triplet of random variables
(U,U0,U1) on U × U0 × U1 satisfying the following two
conditions:
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Table 1 Example of PXY .

x \ y 00 01 10 11
00 p1 p2 0 0
01 p3 p4 0 0
10 0 0 p5 p6
11 0 0 p7 p8

1. (X,Y) is written as

X = (U,U0), Y = (U,U1). (6)

2. PU0U1 |U satisfies

PU0U1 |U(u0, u1|u) > 0, (u, u0, u1) ∈ U ×U0 ×U1.

(7)

Remark 2 The positivity condition (2) can be considered
as a special case of Condition 1. Indeed, if (2) holds, we can
choose so that |U| = 1, U0 = X, and U1 = Y, where |·|
denotes the cardinality of the set.

Example 1 We show an example of a distribution PXY sat-
isfying Condition 1 in Table 1, where pi > 0 (i = 1, . . . , 8).
Since {00, 01, 10, 11} = {0, 1} × {0, 1}, it is easy to verify
that PXY satisfies Condition 1. It should be noted that the
distribution PXY does not satisfy (2).

Now, we state our main theorem.

Theorem 1 Assume that (3) holds and that the alternative
hypothesis PXY satisfies Condition 1. Then, for all 0 < ε < 1
and R ≥ 0,

σ(ε, 0,R) ≤ min
PX̃=PX
PỸ=PY

D(PX̃Ỹ‖PXY ).

Remark 3 Let us consider a case where p6 = p8 = 0 in
Table 1 of Example 1. In this case, PXY does not satisfy (7)
but satisfies

PU0U1 |U(u0, u1|u) = 0⇒ PU0 |U(u0|u)PU1 |U(u1|u) = 0. (8)

By modifying the proof given in the next section, we can
show that Theorem 1 holds even if (7) is replaced with (8).

Remark 4 Suppose the assumptions of Theorem 1 hold.
Then, we can show that there exists a triplet of the random
variables (U,U0,U1) onU ×U0 ×U1 such that

X = (U,U0), Y = (U,U1). (9)

Equations (6) and (9) mean that the observed sequences xn

and yn can be written as

xn = (un, un
0), yn = (un, un

1),

where (un, un
0, u

n
1) ∈ Un × Un

0 × U
n
1. In other words, un is

observed at both A and B as the common information, while
un

0 (resp. un
1) is observed only at A (resp. B).

5. Proof of Theorem 1

In the proof, we will use the method of types and the
blowing-up lemma. Before proving our main theorem, we
introduce several lemmas used in the proof.

5.1 Preliminary for the Proof

The type Pxn of xn is defined by

Pxn (a) �
1
n
|{i : xi = a}|, a ∈ X.

The set of all types of sequences of length n is denoted by
Pn(X).

For a number ηn and a random variable X, the typical
set T (n)

ηn
(X) is defined by

T (n)
ηn

(X) � {xn ∈ Xn : D(Pxn‖PX) < ηn} .

Throughout this paper, we fix ηn such that

ηn > 0, ηn → 0, nηn/ log n→ ∞, (n→ ∞).
(10)

We say that yn has conditional type V : X → Y given
xn if

|{i : (xi, yi) = (a, b)}| = V(b|a)|{i : xi = a}|, (a, b) ∈ X × Y.

The set of all conditional types of given xn is denoted by
Vn(Y|xn).

Given xn and a conditional type V : X → Y, the V-
shell given xn is defined by

T (n)(V |xn)

� {yn ∈ Yn : |{i : (xi, yi) = (a, b)}| = V(b|a)|{i : xi = a}|}.

Given a conditional distribution W : X → Y and xn, the
conditional typical set T (n)

ηn
(W |xn) is defined by

T (n)
ηn

(W |xn) =
⋃

V∈Vn(Y|xn)
D(V‖W |Pxn )≤ηn

T (n)(V |xn) (11)

where ηn satisfies (10).
In the proof, we will use the following properties (For

proofs of lemmas, see [5], [7]).

Lemma 1 For any sequence xn ∈ Xn, we have

Pn
X(xn) = exp(−n(H(Pxn ) + D(Pxn‖PX))) (12)

≤ exp(−nH(Pxn )). (13)

Lemma 2 For any distribution PX , there exists εn → 0 such
that

Pn
X(T (n)

ηn
(X)) ≥ 1 − εn.

Lemma 3 For two conditional distributions V : X → Y,
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W : X → Y and a sequence xn such that V ∈ Vn(Y|xn), we
have

Wn(T (n)(V |xn)|xn)

≥ 1

(n + 1)|X||Y|
exp (−nD(V‖W |Pxn )) .

Lemma 4 For any sequence xn ∈ Xn and any conditional
distribution V : X → Y, there exists εn → 0 such that

Vn(T (n)
ηn

(V |xn)|xn) ≥ 1 − εn.

A key idea in our proof is that the blowing-up lemma
holds for independent but not necessarily identical distribu-
tions. Indeed, the following lemma holds [4] (see also [5,
Lemma 5.4] ).

Lemma 5 (Blowing-up Lemma) Fix a conditional distri-
bution V : X → Y and xn ∈ Xn. For any set Cn ⊆ Yn

and sequence δn → 0 (n → ∞), there exists a sequence of
positive integers kn with kn/n→ 0 (n→ ∞) and a sequence
γn → 0 (n→ ∞) such that

Vn(C|xn) ≥ exp(−nδn) =⇒ Vn(ΓknC|xn) ≥ 1 − γn,

where

ΓknCn � {un ∈ Xn : d(xn, un) ≤ kn for some xn ∈ Cn}

and d(xn, un) � |{i : xi � ui}|.

5.2 Proof of Theorem 1

We prove the theorem by 4 steps. The proof arguments pre-
sented in this paper exactly parallel those in the case with
the positivity condition shown in [3]. In particular, in Step 3
of the proof, we use the technique developed in [3].

Step 1) At first, we introduce conditional distributions,
which are used in our proof. Since PXY satisfies Condition
1, there exists a triplet of random variables (U,U0,U1) sat-
isfying

X = (U,U0), Y = (U,U1). (14)

From (U,U0,U1), we define V0 : U → U0, V1 : U → U1,
and W : U → U0 ×U1 as

V0 = PU0 |U , V1 = PU1 |U , W = PU0U1 |U .

It should be noted that W(u0, u1|u) � V0(u0|u)V1(u1|u) in
general.

Similarly, as mentioned in Remark 4, there exists
(U,U0,U1) satisfying

X = (U,U0), Y = (U,U1). (15)

From (U,U0,U1), we define V0 : U → U0, V1 : U → U1,
and W : U → U0 ×U1 as

V0 = PU0 |U , V1 = PU1 |U , W = PU0U1 |U . (16)

Fix a pair of random variables (X̃, Ỹ) satisfying

PX̃ = PX , PỸ = PY (17)

and D(PX̃Ỹ‖PXY ) < ∞. Then, in the same manner as the
above, we can show that there exists (Ũ, Ũ0, Ũ1) such that

X̃ = (Ũ, Ũ0), Ỹ = (Ũ, Ũ1). (18)

From (Ũ, Ũ0, Ũ1), we define Ṽ0 : U → U0, Ṽ1 : U → U1

and W̃ : U → U0 ×U1 as

Ṽ0 = PŨ0 |Ũ , Ṽ1 = PŨ1 |Ũ , W̃ = PŨ0Ũ1 |Ũ . (19)

Since (15), (16), (17), (18), and (19) hold, we have

Ũ = U, Ṽ0 = V0, Ṽ1 = V1, W̃ = W. (20)

Step 2) We bound the probabilities of the error by using ran-
dom variables introduced in Step 1. From definitions of the
rate and the optimal error exponent, σ(ε, 0,R) ≤ σ(ε, 0,∞)
holds. Hence, it is enough if we prove that

σ(ε, 0,∞) ≤ min
PX̃=PX
PỸ=PY

D(PX̃Ỹ‖PXY ). (21)

When the rate RY is sufficiently large and RY ≥ log |Y|, we
can choose the encoder gn such that gn(yn) = yn. Further, as
mentioned in Remark 4, we can write

xn = (un, un
0), yn = (un, un

1).

Thus, the acceptance regionAn can be written as

An = {((un, un
0),(un, un

1)) ∈ (Un ×Un
0) × (Un ×Un

1) :

φn( fn((un, un
0)), (un, un

1)) = PXY }.

Let the setA′n ⊆ Un ×Un
0 ×U

n
1 be

A′n = {(un, un
0, u

n
1) : ((un, un

0), (un, un
1)) ∈ An}.

Then, we have

Pn
XY (An) = Pn

UU0U1
(A′n). (22)

Farther, for each un ∈ Un, let the setAn(un) ⊆ Un
0 ×U

n
1 be

An(un) = {(un
0, u

n
1) : φn( fn((un, un

0)), (un, un
1)) = PXY }

=
{
(un

0, u
n
1) : (un, un

0, u
n
1) ∈ A′n

}
.

ThenA′n can be written as

A′n =
⋃

un∈Un

{un} × An(un). (23)

From (16), (22), and (23), we can rewrite (5) as

ε ≥ Pn
XY (Ac

n) =
∑

un∈Un

Pn
U(un)Wn(A′cn (un)|un).

Letting
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Un
[ε] �

{
un ∈ Un : Wn(A′cn (un)|un) ≤

√
ε
}
,

and using Markov’s inequality, we can show that

1 −
√
ε < Pn

U(Un
[ε]). (24)

On the other hand, we have

βn =Pn
UU0U1

(A′n)

≥
∑

un∈Un
[ε]

Pn
UU0U1

(un,A′n(un)). (25)

Step 3) We apply similar argument as [3] for a fixed un ∈
Un

[ε]. Define Ci(un) and Fi(un) by

Ci(u
n) =
{
un

0 ∈ U
n
0 : fn((un, un

0)) = i
}

Fi(u
n) =
{
un

1 ∈ U
n
1 : φn(i, (un, un

1)) = PXY

}
where Ci(un) ∩C j(un) = ∅ for all i � j. We can write

An(un) =
Mn⋃
i=1

Ci(u
n) × Fi(u

n).

Since un ∈ Un
[ε], there exists an index i0 such that

Wn(Ci0 (un) × Fi0 (un)|un) ≥ 1 −
√
ε

Mn
.

Letting C(un) = Ci0 (un) and F(un) = Fi0 (un), we can rewrite
it as

Wn(C(un) × F(un)|un) ≥ exp(−nδn) (26)

where δn � − 1
n log(1−

√
ε)+ 1

n log Mn and δn → 0. Equation
(26) clearly implies that

Vn
0 (C(un)|un) ≥ exp(−nδn).

Thus, from Lemma 5, there exists kn and γn such that

Vn
0 (ΓknC(un)|un) ≥ 1 − γn. (27)

From (20) and (27), we have

Ṽn
0 (ΓknC(un)|un) ≥ 1 − γn. (28)

Similarly, we have

Ṽn
1 (Γkn F(un)|un) ≥ 1 − γn. (29)

Equations (28) and (29) imply that

W̃n(ΓknC(un) × Γkn F(un)|un) ≥ 1 − 2γn.

Hence, from Lemma 4, for all sufficiently large n, we have

W̃n
(
(ΓknC(un) × Γkn F(un)) ∩ T (n)

η2
n

(W̃)
∣∣∣∣ un
)
≥ 1

2
. (30)

From (11) and (30), there exists a conditional type Ŵ
such that

D(Ŵ‖W̃ |Pun ) ≤ η2
n, Ŵ ∈ Vn(Y|un) (31)

and

|(ΓknC(un) × Γkn F(un)) ∩ T (n)(Ŵ |un)|
|T (n)(Ŵ |un)|

≥ 1
2
. (32)

From (32), we have

W
n
(ΓknC(un) × Γkn F(un)|un) ≥ 1

2
W

n
(T (n)(Ŵ |un)|un). (33)

On the other hand, from the definition of Γkn , there
exists at least one element (un

0, u
n
1) ∈ C(un) × F(un) such

that (un
0, u

n
1) differs from (sn, tn) ∈ ΓknC(un) × Γkn F(un)

for at most 2kn. Moreover, from Conditional 1, we have
W(u0;i, u1;i|ui) > 0, where u0;i (resp. u1;i) is the ith symbol of
un

0 (resp. un
1). Hence, we have

W
n
(sn, tn|un) =

n∏
i=1

W(si, ti|ui) ≤ ρ−2kn W
n
(un

0, u
n
1|u

n) (34)

where ρ � min
{
W(u0, u1|u) > 0: (u, u0, u1) ∈ U ×U0 ×U1

}
.

As (sn, tn) ranges over ΓknC(un) × Γkn F(un), each ele-
ment (un

0, u
n
1) ∈ C(un) × F(un) will be selected at most

|Γkn {un
0}||Γ

kn {un
1}| times.† Thus, we have

W
n
(ΓknC(un) × Γkn F(un)|un)

≤
∑

(sn,tn)∈Γkn C(un)×Γkn F(un)

ρ−2kn W
n
(un

0, u
n
1|u

n) (35)

≤ |Γkn {un
0}||Γ

kn {un
1}|ρ

−2kn W
n
(C(un) × F(un)|un)

≤ exp(nε1(n))W
n
(C(un) × F(un)|un) (36)

where (35) follows from (34), and ε1(n) � 2h
(

kn

n

)
+

kn

n

(
log |U0| + log |U1|

)
− 2kn

n log ρ → 0 and h(p) is the bi-
nary entropy. Combining (33) and (36), we have

W
n
(C(un) × F(un)|un)

≥ 1
2

exp(−nε1(n))W
n
(T (n)(Ŵ |un))

≥ exp(−n(D(Ŵ‖W |Pun ) + ε2(n))) (37)

where (37) follows from Lemma 3 and ε2(n) � ε1(n)+ log 2
n +

|U||U0 ||U1 |
n log(n + 1)→ 0.
Hence, we have

Pn
UU0U1

(un,C(un) × F(un))

=W
n
(C(un) × F(un)|un)Pn

U
(un)

≥Pn
U

(un) exp
(
−n(D(Ŵ‖W |Pun )) + ε2(n)

)
(38)

= exp (−nH(Pun ))

× exp
(
−n(D(Ŵ‖W |Pun ) + D(Pun‖PU)) + ε2(n)

)
(39)

†Note that, by the definition of Γkn , we have Γkn {un
j } = {ũn

j ∈
Un

j : d(ũn
j , u

n
j ) ≤ kn} for j = 0, 1.
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= exp (−nH(Pun ))

× exp
(
−n(D(ÛÛ0Û1‖UU0U1)) + ε2(n)

)
(40)

where (38) follows from (37), (39) follows from (12), and
(40) follows from the chain rule for divergence [5]:

D(Ŵ‖W |Pun ) + D(Pun‖PU) = D(ÛÛ0Û1‖UU0U1)

where Û, Û0, Û1 are random variables defined by

PÛÛ0Û1
(u, u0, u1) = Pun (u)Ŵ(u0, u1|u). (41)

Step 4) Combining (25) and (40), we have

βn ≥
∑

un∈Un
[ε]

exp
(
−n(D(ÛÛ0Û1‖UU0U1) + ε2(n))

)

× exp (−nH(Pun ))

≥
∑

un∈Un
[ε]∩T

(n)
ηn (Ũ)

PŨ(un)

× exp
(
−n(D(ÛÛ0Û1‖UU0U1) + ε2(n))

)
(42)

where (42) follows from (13). Recall that (Û, Û0, Û1) is
defined by (41), and Ŵ satisfies (31). Thus, for un ∈
Un

[ε] ∩ T
(n)
ηn

(Ũ), there exists ξn → 0 such that

∣∣∣D(ÛÛ0Û1‖UU0U1) − D(ŨŨ0Ũ1‖UU0U1)
∣∣∣ ≤ ξn. (43)

Since D(ŨŨ0Ũ1‖UU0U1) does not depend on un, we have

βn ≥ exp(−n(D(ŨŨ0Ũ1‖UU0U1) + ε3(n)))

×
∑

un∈Un
[ε]∩T

(n)
ηn (Ũ)

PŨ(un) (44)

≥ exp(−n(D(ŨŨ0Ũ1‖UU0U1) + ε3(n)))

×
(
PŨ(Un

[ε]) + PŨ(T (n)
ηn

(Ũ)) − 1
)

≥ exp(−n(D(ŨŨ0Ũ1‖UU0U1) + ε3(n)))

×
(
1 −
√
ε + 1 − εn − 1

)
(45)

≥ exp(−n(D(PX̃Ỹ‖PXY ) + ε4(n))) (46)

where (44) follows from (43) and ε3(n) � ε2(n) + ξn → 0,
(45) follows from (24) and Lemma 2, (46) follows from (14)
and (18) and ε4(n) � ε3(n) − log(1−

√
ε−εn)

n → 0.
Hence, we have

σ(ε, 0,∞) ≤ D(PX̃Ỹ‖PXY ).

Moreover, since PX̃Ỹ satisfies the appropriate marginal con-
straints PX̃ = PX , PỸ = PY as in (17), we have (21).

6. Generalization

In this section, we give a generalization of Theorem 1.

Theorem 2 Given PXY and PXY , assume that there exist dis-
tributions PX′Y ′ , PX̄′Ȳ ′ and functions Λ1, Λ2 satisfying the

following conditions:

1. Λ1 : X′ → X and Λ2 : Y′ → Y satisfy

(X,Y) = (Λ1(X′),Λ2(Y ′)) (47)

(X,Y) = (Λ1(X̄′),Λ2(Ȳ ′)). (48)

2. PX′Y ′ and PX̄′Ȳ ′ satisfy the assumptions of Theorem 1,
i.e., D(PX′Y ′ ‖PX̄′Ȳ ′ ) < ∞ and PX̄′Ȳ ′ satisfies Condition
1.

3. PX′Y ′ and PX̄′Ȳ ′ satisfy

min
PX̃=PX
PỸ=PY

D(PX̃Ỹ‖PXY ) = min
PX̃′=PX′
PỸ′=PY′

D(PX̃′Ỹ ′ ‖PX̄′Ȳ ′ ). (49)

Then, we have

σ(ε, 0,R|XY, XY) = min
PX̃=PX
PỸ=PY

D(PX̃Ỹ‖PXY ). (50)

Proof. From Proposition 1, we have

min
PX̃=PX
PỸ=PY

D(PX̃Ỹ‖PXY ) ≤ σ(ε, 0,R|XY, XY). (51)

On the other hand, by using Λ1 and Λ2 satisfying (47)
and (48), we can convert any code ( fn, gn, φn) for the hy-
pothesis testing XY versus XY into a code ( f ′n , g

′
n, φ
′
n) for

the hypothesis testing X′Y ′ versus X̄′Ȳ ′ without increasing
the error probabilities αn and βn. Indeed, we can construct
( f ′n , g

′
n, φ
′
n) as

f ′n(x′n) � fn(Λ1(x′n))

g′n(y′n) � gn(Λ2(y′n))

and for c1 ∈ Mn and c2 ∈ Nn,

φ′n(c1, c2) �

⎧⎪⎪⎨⎪⎪⎩
PX′Y ′ (φn(c1, c2) = PXY )

PX̄′Ȳ ′ (φn(c1, c2) = PXY ).

This fact implies that

σ(ε, 0,R|XY, XY) ≤ σ(ε, 0,R|X′Y ′, X̄′Ȳ ′). (52)

Further, since PX′Y ′ and PX̄′Ȳ ′ satisfy the assumptions
in Theorem 1, we have

σ(ε, 0,R|X′Y ′, X̄′Ȳ ′) ≤ min
PX̃′=PX′
PỸ′=PY′

D(PX̃′Ỹ ′ ‖PX̄′Ȳ ′ ). (53)

Combining (51), (52) and (53) with the assumption (49), we
obtain (50). �

In the rest of this section, we give an example for which
the assumptions of Theorem 2 hold. To do this, we define
some notations.

Let us define Xn and Yn (n = 1, 2 . . . ) as X0 � X,
Y0 � Y, and

Xn+1 � Xn �
{
x ∈ Xn :

∣∣∣{y ∈ Yn : PXY (x, y) > 0
}∣∣∣ = 1

}
Yn+1 � Yn �

{
y ∈ Yn :

∣∣∣{x ∈ Xn : PXY (x, y) > 0
}∣∣∣ = 1

}
.
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Let n∗ be the minimum of n such thatXn+1 = Xn andYn+1 =

Yn.
For any x � Xn∗ , let us define i(x) as follows: we can

choose the unique i (0 ≤ i ≤ n∗ − 1) such that x ∈ Xi and
x � Xi+1. We denote such i by i(x). For x ∈ Xn∗ , let i(x) � n∗.
For y ∈ Y, j(y) is defined in a similar way.

For any x such that i(x) = i < n∗, by the definition of
i(x) and Xi, we have

i(x) = i⇔ x ∈ Xi and x � Xi+1

⇔ ∃y s. t. |
{
y ∈ Yi(x) : PXY (x, y) > 0

}
| = 1,

and thus, we can choose the unique y ∈ Yi(x) satisfying
PXY (x, y) > 0. For x such that i(x) < n∗, let s(x) ∈ Yi(x)

be such y. For y such that j(y) < n∗, t(y) ∈ Xj(y) is defined
similarly.

Let us X′ = {0, . . . , n∗} × X and Y′ = {0, . . . , n∗} × Y.
From PXY on X × Y, we construct the distribution PX̄′Ȳ ′ on
X′×Y′ as follows: Let PX̄′Ȳ ′ ((i, x), ( j, y)) � PXY (x, y) if (i, x)
and ( j, y) satisfy one of the following three conditions

Case 1 i = j = i(x) = j(y) = n∗,
Case 2 i = j = i(x) � n∗ and y = s(x),
Case 3 i = j = j(y) � n∗ and x = t(y).

Otherwise, let PX̄′Ȳ ′ ((i, x), ( j, y)) � 0.

Example 2 Let us consider PXY in Table 2. From the defi-
nition of X0 and Y0, we have

X0 = {a, b, c} , Y0 = {d, e, f} .

Since |
{
y ∈ Y0 : PXY (c, y) > 0

}
| = |{f}| = 1, we have

X1 = {a, b} , Y1 = Y0, i(c) = 0, s(c) = f.

Further, since |
{
x ∈ X1 : PXY (x, f) > 0

}
| = |{b}| = 1, we have,

X2 = {a, b} , Y2 = {d, e} , j(f) = 1, t(f) = b.

Since X3 = X2,Y3 = Y2, we have n∗ = 2. As a conse-
quence, we have PX̄′Ȳ ′ in Table 3.

Now, we give an example for which the assumptions of
Theorem 2 hold.

Table 2 XY.

x \ y d e f
a p1 p2 0
b p3 p4 p5
c 0 0 p6

Table 3 X̄′Ȳ′.

x̄′ \ ȳ′ (2, d) (2, e) (1, f) (0, f) others
(2, a) p1 p2 0 0 0
(2, b) p3 p4 0 0 0
(1, b) 0 0 p5 0 0
(0, c) 0 0 0 p6 0
others 0 0 0 0 0

Proposition 3 Assume that (3) holds and that PXY restricted
on Xn∗ × Yn∗ satisfies Condition 1. Then, the assumptions
of Theorem 2 hold.

Remark 5 In Proposition 3, “PXY restricted on Xn∗ × Yn∗

satisfies Condition 1” means that PX̄∗Ȳ∗ on Xn∗ ×Yn∗ defined
by

PX̄∗Ȳ∗(x, y) �
PXY (x, y)

PXY (Xn∗ × Yn∗ )
, (x, y) ∈ Xn∗ × Yn∗

satisfies Condition 1.

Proof. Let PX̄′Ȳ ′ be the distribution constructed
from PXY according to the construction above Example
2. Similarly, we construct PX′Y ′ from PXY ; i.e., let
PX′Y ′ ((i, x), ( j, y)) � PXY (x, y) if (i, x) and ( j, y) satisfy one
of the three conditions (Case 1–Case 3) above Example 2,
and let PX′Y ′ ((i, x), ( j, y)) � 0 otherwise. It should be em-
phasized that, in the construction of PX′Y ′ , we use n∗, i, j, s,
and t defined from PXY (not PXY ).†

It is apparent that the functions Λ1 : X′ → X and Λ2 :
Y′ → Y by

Λ1((i, x)) � x, Λ2(( j, y)) � y.

Further it is not hard to see that if PXY restricted on
Xn∗ ×Yn∗ satisfies Condition 1, then PX̄′Ȳ ′ also satisfies Con-
dition 1. Moreover, if (3) holds then D(PX′Y ′ ‖PX̄′Ȳ ′ ) < ∞.
Thus, PX′Y ′ and PX̄′Ȳ ′ satisfy the assumptions of Theorem 1.

Hence, what we have to prove is that (49) holds.
From the definition of Xn∗ andYn∗ , we can show that if

PX̃Ỹ satisfies that PX̃ = PX , PỸ = PY , and D(PX̃Ỹ‖PXY ) < ∞
then PX̃Ỹ must satisfy (i) PX̃(x) = PX(x) for all x � Xn∗ and
(ii) PỸ (y) = PY (y) for all y � Yn∗ . Hence, we have

min
PX̃=PX
PỸ=PY

D(PX̃Ỹ‖PXY )

=
∑
(x,y):

x�Xn∗ or y�Yn∗

PXY (x, y) log
PXY (x, y)
PXY (x, y)

+min
∑
(x,y):

x∈Xn∗ and y∈Yn∗

PX̃Ỹ (x, y) log
PX̃Ỹ (x, y)
PXY (x, y)

. (54)

where the minimum in (54) is taken over all PX̃Ỹ satisfying
∑
y∈Yn∗

PX̃Ỹ (x, y) =
∑
y∈Yn∗

PXY (x, y), x ∈ Xn∗ (55)

∑
x∈Xn∗

PX̃Ỹ (x, y) =
∑

x∈Xn∗

PXY (x, y), y ∈ Yn∗ . (56)

Similarly, from the constructions of PX̄′Ȳ ′ and PX′Y ′ , we
†If PXY (x, y) > 0⇔ PXY (x, y) > 0 for all x, y then n∗, i, j, s, and

t defined from PXY are identical with those from PXY . However, if
there exists (x, y) such that PXY (x, y) > 0 and PXY (x, y) = 0 then n∗,
i, j, s, and t defined from PXY may not be identical with those from
PXY .
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have

min
PX̃′=PX′
PỸ′=PY′

D(PX̃′Ỹ ′ ‖PXY )

= min
PX̃′=PX′
PỸ′=PY′

[ ∑
(i,x),( j,y):

Case 2 or 3

PX̃′Ỹ ′ ((i, x), ( j, y)) log
PX̃′Ỹ ′ ((i, x), ( j, y))
PX̄′Ȳ ′ ((i, x), ( j, y))

+
∑
(x,y):

x∈Xn∗ and y∈Yn∗

PX̃′Ỹ ′ ((n
∗, x), (n∗, y)) log

PX̃′Ỹ ′ ((n
∗, x), (n∗, y))

PX̄′Ȳ ′ ((n∗, x), (n∗, y))

]

=
∑

(i,x),( j,y):
Case 2 or 3

PX′Y ′ ((i, x), ( j, y)) log
PX′Y ′ ((i, x), ( j, y))
PX̄′Ȳ ′ ((i, x), ( j, y))

+min
∑
(x,y):

x∈Xn∗ and y∈Yn∗

PX̃′Ỹ ′ ((n
∗, x), (n∗, y)) log

PX̃′Ỹ ′ ((n
∗, x), (n∗, y))

PX̄′Ȳ ′ ((n∗, x), (n∗, y))

=
∑
(x,y):

x�Xn∗ or y�Yn∗

PXY (x, y) log
PXY (x, y)
PXY (x, y)

+min
∑
(x,y):

x∈Xn∗ and y∈Yn∗

PX̃Ỹ (x, y) log
PX̃Ỹ (x, y)
PXY (x, y)

(57)

where the minimum in (57) is taken over all PX̃Ỹ satisfying
(55) and (56).

By combining (54) and (57), we have (49). �

It is not hard to see that if (3) holds and |X| ≤ 2 or
|Y| ≤ 2 then

1. the positivity condition is satisfied, or
2. the assumptions of Theorem 1 are satisfied, or
3. the assumptions of Proposition 3 are satisfied.

Hence, we have the following corollary.

Corollary 1 Assume that (3) holds and that |X| ≤ 2 or |Y| ≤
2. Then, we have

σ(ε, 0,R|XY, XY) = min
PX̃=PX
PỸ=PY

D(PX̃Ỹ‖PXY ).

7. Conclusion

In this paper, we proved that Shalaby and Papamarcou’s up-
per bound of the optimal error exponent for multiterminal
hypothesis testing holds under a condition weaker than their
condition.

However, there are some cases for which error expo-
nent is not determined yet. For example, PXY in Table 4
dose not satisfy the positivity condition nor conditions given
in this paper. Although the authors conjecture that Shalaby
and Papamarcou’s bound holds if D(PXY‖PXY ) < ∞ (i.e.,
Han’s bound is tight), it remains as a future work to prove
this conjecture.

In this paper, we focus our investigation on the two en-
coders system. On the other hand, Shalaby and Papamar-
cou showed that their result with the positivity condition

Table 4 Alternative hypothesis XY .

x \ y 1 2 3
1 q1 q2 q3

2 q4 q5 q6
3 q7 q8 0

can be extended to the systems employing arbitrary finite
number of encoders [3, Section IV]. Based on the same ar-
gument as [3, Section IV], it is not so hard to extend our
Theorem 1 to the case where the number of encoders is m.
To do this, we need to generalize the conditional positivity
condition as follows: Assume that the i-th encoder can ob-
serve (U,Ui−1) and the conditional distribution PU0...Um−1 |U
of (U0, . . . ,Um−1) given the common random variable U
is positive (i.e., PU0...Um−1 |U satisfies the positivity condition
such as (7)). We can see that the statements given in Section
IV of [3] holds not only under the positivity condition but
also under the conditional positivity condition generalized
as above. Although the above generalization is straightfor-
ward, we may be able to extend our result to more general
case. For example, we may consider cross observations at
the encoders (such as [8]) and assume an appropriate condi-
tion on the joint (and/or conditional) distribution of sources.
It remain as a future work.

Furthermore, some important problems remain as fu-
ture works:

• In the paper [9], Shalaby and Papamarcou generalized
their result in [3] to the case where the source is a cor-
related Markov process. In [9], it is assumed that the
transition matrix of the alternative hypothesis satisfies
the positivity condition; this assumption corresponds
to the positivity condition in [3]. It is an important fu-
ture work to establish the result of [9] under a weaker
condition.
• In this paper, we consider only the case where the al-

phabets X and Y are finite. It is also important future
work to generalize the result to the case where alpha-
bets are countably infinite or continuous.
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