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The Error Exponent of Zero-Rate Multiterminal Hypothesis
Testing for Sources with Common Information®

Makoto UEDA, Nonmember and Shigeaki KUZUOKA ™, Senior Member

SUMMARY  The multiterminal hypothesis testing problem with zero-
rate constraint is considered. For this problem, an upper bound on the
optimal error exponent is given by Shalaby and Papamarcou, provided that
the positivity condition holds. Our contribution is to prove that Shalaby
and Papamarcou’s upper bound is valid under a weaker condition: (i) two
remote observations have a common random variable in the sense of Gacks
and Korner, and (ii) when the value of the common random variable is
fixed, the conditional distribution of remaining random variables satisfies
the positivity condition. Moreover, a generalization of the main result is
also given.
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1. Introduction

We consider the multiterminal hypothesis testing problem
depicted in Fig. 1. A pair (x",y") of sequences of length n
is emitted from one of the two distributions Pxy (null hy-
pothesis) or Pyy (alternative hypothesis). At the site A, only
the sequence x" is observed and compressed to a codeword
at the rate Ry. Similarly, at the site B, y" is observed and
compressed at the rate Ry. The site C determines whether
to accept or reject the null hypothesis based on received two
codewords.

The main problem of the multiterminal hypothesis test-
ing is to determine the optimal error exponent [1]. In the
special case of the rate constraint called zero-rate, i.e., the
case where Ry = 0 and/or Ry = 0, Han [2] proved that the
optimal error exponent is lower bounded by

min D(Pxyl|Pgy) (D
Py=Px
Py=Py

where the minimum is taken over all possible distributions
Py satisfying Py = Px and Py = Py. On the other hand,
Shalaby and Papamarcou [3] proved that Han’s lower bound
is tight under the positivity condition

(x,y) e Xx Y. 2)

In this paper, the main argument is devoted to weaken-
ing the positivity condition. In the proof given by Shalaby

Psw(x,y) > 0,
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Fig.1  Multiterminal hypothesis testing.

and Papamarcou [3], the positivity condition is needed in
order to invoke the blowing-up lemma [4]. Our key idea
is that the blowing-up lemma holds for independent but not
necessarily identical distributions, although Shalaby and Pa-
pamarcou use the lemma for i.i.d. distribution. Based on this
idea, we prove that the error exponent is upper bounded by
(1) if the alternative hypothesis Py satisfies following two
conditions:

1. Two separate observations X and Y have a common
random variable U in the sense of Gacks and Kéner;
i.e., there are two random variables Uy and U, such
that X = (U, Uy), Y = (U, U)).

2. When the value of the common random variable U is
fixed, the conditional distribution of remaining satisfies
the positivity condition; i.e., for all triplets (u, ug, 1),
onvllg(uo,ullu) > 0.

Furthermore, we give a generalization of the result and
show that the error exponent can be determined even though
the above two conditions are not satisfied.

The rest of the paper is organized as follows. In Sect. 2,
we introduce notations used in this paper. In Sect.3, we
formulate the multiterminal hypothesis testing problem and
explain known results. Then, we state our main theorem in
Sect. 4. The proof of the main theorem is given in Sect. 5. A
generalization of the main theorem is given in Sect. 6. Sec-
tion 7 concludes the paper.

2. Notations

Throughout this paper, random variables (e.g. X) and their
realizations (e.g. x) are denoted by capital and lower case
letters respectively. All random variables take values in
finite alphabets which are denoted by the respective calli-
graphic letters (e.g. X). For a finite set X, the nth Cartesian
product is denoted by X" and a sequence (xi, X2,...,X,;) €
X" of the length n is denoted by x". For a random variable

Copyright © 2015 The Institute of Electronics, Information and Communication Engineers



UEDA and KUZUOKA: THE ERROR EXPONENT OF ZERO-RATE MULTITERMINAL HYPOTHESIS TESTING FOR SOURCES WITH COMMON INFORMATION

(e.g. X), the distribution is denoted by P with the subscript
(e.g. Px). For a distribution Py, we define P by

Py 2 [ [ Pxx), e X",
i=1

Similarly, for a conditional distribution V : X — Y, we
define V" by

Vi = [ [ v, @y e Xt x
i=1

For information quantities, we will use standard no-
tations as in [5], [6]: the entropy is denoted by H(X) or
H(Py), the divergence is denoted by D(Px||Pg) or D(X|1X),
and the conditional divergence is denoted by D(V||W|Px) or
D(V||W|X). Throughout this paper, log denotes the natural
logarithm.

3. Problem and Known Results

Let us consider two distributions Pyy and P¢y on X x VY.
The distribution Pyy is called the null hypothesis, and Pxy
is called the alternative hypothesis. A pair (x",y") of se-
quences is emitted from P, or P;’(_Y. We assume

D(Pxy||Pxy) < oo. (3)

There are two separate remote sites A and B. At the
site A, only x" is observed and compressed by the encoder
function

Jo X" > M, 2{1,2,3,...,M,}.
Similarly, at the site B, observed y" is compressed by
g Y' > N, 2{1,2,3,...,N,,}.

The rate Ry (resp. Ry) of the encoder function f;, (resp. g,)
is defined by

Ry £ lim sup l log M,, Ry = limsup l logN,. &)
n—ooco N n—ooco N

We consider the hypothesis testing problem under compres-
sion at (asymptotically) zero-rate. In other words, we as-
sume that the codebook sizes M,,, N, satisfy constraints of
the type Rx = 0 and/or Ry = 0.

The compressed sequences are sent to the center C
where the unknown distribution is estimated by the decoder
function

¢n:MnXM1_>{PXYaPﬁ}‘

A triplet (f,, gn, ¢n) of encoders f;,, g, and a decoder ¢,
is called a code. Given a code (f,, gu, $n), the acceptance
region A, is defined by

ﬂn = {(xn’ .l/l) € Xn X yn : ¢n(fn(xn)» gn(y”)) = PXY} .
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Then, probabilities of the error of the first kind a, and the
second kind 3, are defined by

@y 2 Pl (AL, fu 2 Pr(A)

where A is the complementary set of A,. We impose the
constant-type constraint on «,, as

a, <€ (5)

where 0 < & < 1 is an arbitrarily fixed constant. Let
B (e, Rx, Ry|XY, ﬁ) denote the minimum of 8, over all
possible codes (f;, gu, ¢») satisfying conditions (4) and (5).
Then, let us define

o(&,Rx, Ry|XY, XY)
1
Bi(&, Rx, Ry|XY, XY)

1
£ liminf — log

n—oo n

which is called the optimal error exponent for the multi-
terminal hypothesis testing. Instead of 5, (e, Rx, Ry|XY, XY)
(resp. o(g, Ry, Ry|XY, XY)), we will use the notation
Br(e,Rx, Ry) (resp. o(g, Rx, Ry)), if sources XY and XY are
clear from the context.

As mentioned in Sect. 1, a lower bound on o (g, Ry, Ry)
for the case Ry = 0 was given by Han.

Proposition 1 (Direct part of Theorem 5 of [2]) Assume that

(3) holds. Forall0 <e<1andR >0,

0(&,0,R) > min D(PgyllPxy)-
Py=Px

Py=Py

Remark 1 In [2], Han gave an upper bound of the error
exponent under the 0, rate (i.e., the codebook size M,, = 2):
If (3) holds then there exists some constant 0 < gy < 1 such
that, forall0 < e <ggand R > 0,

o(&,02,R) < min D(Pg3||P57)-
Pg=Py
Py=Py

On the other hand, Shalaby and Papamarcou proved
that Han’s bound is tight under the positivity condition.

Proposition 2 (Theorem 1 of [3]) Assume that (2) and (3)
hold. Then, forallO0 <e< 1land R > 0,

o(&,0,R) < min D(Pg7||Pgy).
Py=Px
Py=Py

4. Main Theorem

Instead of the positivity condition (2), we consider the fol-
lowing condition.

Condition 1 (Conditional Positivity Condition) There are
finite sets U, Uy, U, and a triplet of random variables
(ﬁ, ﬁo,ﬁl) on U x Uy x U, satisfying the following two
conditions:
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Table 1

X\y [ 00 01 10 11 |
00 [pr p2 O 0
01 | p3 ps 0O O
10 0 0 ps ps
11 0 0 p7 ps

Example of Pgy.

1. (X,7) is written as
X=(U,Up, Y=(UTUp. (6)

2. ongl T satisfies

(M, Mo,ul) eUXx (L[() X (Lll.
(7)

Py g, (o, urlu) > 0,

Remark 2 The positivity condition (2) can be considered
as a special case of Condition 1. Indeed, if (2) holds, we can
choose so that |U| = 1, Uy = X, and U, = Y, where ||
denotes the cardinality of the set.

Example 1 We show an example of a distribution Py sat-
isfying Condition 1 in Table 1, where p; > 0 (i = 1,...,8).
Since {00,01, 10,11} = {0, 1} x {0, 1}, it is easy to verify
that P4y satisfies Condition 1. It should be noted that the
distribution Py does not satisfy (2).

Now, we state our main theorem.

Theorem 1 Assume that (3) holds and that the alternative
hypothesis Py satisfies Condition 1. Then, forall0 < & <1
and R > 0,

o(£,0,R) < min D(Pg;|Pgy).
P3=Px

Py=Py

Remark 3 Let us consider a case where pg = pg = 0 in
Table 1 of Example 1. In this case, Py does not satisfy (7)
but satisfies

Pﬁovl‘ﬁ(uo, uilu)y =0= Pﬁom(uolu)Pﬁ”ﬁ(ulm) =0. ®)

By modifying the proof given in the next section, we can
show that Theorem 1 holds even if (7) is replaced with (8).

Remark 4 Suppose the assumptions of Theorem 1 hold.
Then, we can show that there exists a triplet of the random
variables (U, Uy, U;) on U X Uy X U, such that

X=U,Up)), Y=(UU). 9

Equations (6) and (9) mean that the observed sequences x"
and y" can be written as

X' =" uy), Y =" u),
where (", ug, uf) € U" x Uy X U]. In other words, u" is
observed at both A and B as the common information, while
ug (resp. u}) is observed only at A (resp. B).
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5. Proof of Theorem 1

In the proof, we will use the method of types and the
blowing-up lemma. Before proving our main theorem, we
introduce several lemmas used in the proof.

5.1 Preliminary for the Proof

The type P,» of x" is defined by
1
[)X»x(ﬁl)é —|{i:X[=a}|, aeX.
n

The set of all types of sequences of length n is denoted by
Pu(X).

For a number 7, and a random variable X, the typical
set 7,”(X) is defined by

Ty (X) 2 (3" € X" : D(PullPx) < 1a}
Throughout this paper, we fix 1, such that

>0, n,—0, nn,/logn— oo, (n— o00).

(10)

We say that y" has conditional type V : X — Y given
x™if

fi: (i y) = (@D}l = Vblalli - xi = a}l,  (a,b) e XX Y.

The set of all conditional types of given x" is denoted by
Va(YIx").

Given x" and a conditional type V : X — Y, the V-
shell given x" is defined by

TV
2y e Y i (x,y) = (@b} = Vbla)li : x; = a}l}.

Given a conditional distribution W : X — Y and x", the
conditional typical set ‘T,;:') (W|x™) is defined by

ToW = ) 70w (1)

VeV, (Y|x")
D(V|IWIP n)<n,

where 1, satisfies (10).
In the proof, we will use the following properties (For
proofs of lemmas, see [5], [7]).

Lemma 1 For any sequence x" € X", we have
Py(x") = exp(—n(H(Py) + D(P||Px))) 12)
< exp(—nH(P,)). (13)

Lemma 2 For any distribution Py, there exists €, — 0 such
that

PyT"(X) 2 1 - &,

Lemma 3 For two conditional distributions V : X — Y,
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W : X — Y and a sequence x" such that V € V,(Y/|x"), we
have

WHT P (VIX")x")

> oy S CnDVIWIP)).

Lemma 4 For any sequence x" € X" and any conditional
distribution V : X — Y, there exists €, — 0 such that

VATV 2 1 - 6,

A key idea in our proof is that the blowing-up lemma
holds for independent but not necessarily identical distribu-
tions. Indeed, the following lemma holds [4] (see also [5,
Lemma 5.4]).

Lemma 5 (Blowing-up Lemma) Fix a conditional distri-
bution V : X — Y and x" € X". For any set C, C Y"
and sequence d, — 0 (n — o0), there exists a sequence of
positive integers &, with k,,/n — 0 (n — co) and a sequence
Yn — 0 (n — o0) such that

V'(Clx") > exp(-né,) = V'"T*Clx") > 1 -y,
where
C, £ (" e X" : d(xX",u") < k, for some X" € C,}

and d(x", u") = [{i : x; # w}l.

5.2 Proof of Theorem 1

We prove the theorem by 4 steps. The proof arguments pre-
sented in this paper exactly parallel those in the case with
the positivity condition shown in [3]. In particular, in Step 3
of the proof, we use the technique developed in [3].

Step 1) At first, we introduce conditional distributions,
which are used in our proof. Since Pyy satisfies Condition
1, there exists a triplet of random variables (U, Uy, U,) sat-
isfying

X=(UUy), Y=(UDUp. (14)
From_(U,Uo,Ul), we define Vo : U » Uy, V, : U - U,
and W: U - Uy x U, as

V() = Pﬁo‘v, V1 = PUI\U’ W= Pﬁovl\v'

It should be noted that W(ug, u1]u) # Vo(uolu)V,(uilu) in
general.

Similarly, as mentioned in Remark 4, there exists
(U, Uy, Uy) satisfying

X =(UVUp), Y=UU). (15)

From (U, Uy, U,y), we define Vy : U — Uy, Vi : U — U,
and W: U — Uy x U, as
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Vo =Pyyu, Vi=Pyw. W=Pyuw. (16)
Fix a pair of random variables (X, ¥) satisfying
Py =Py, Py=Py (17)

and D(Pyy||Pgy) < oo. Then, in the same manner as the
above, we can show that there exists (U, Uy, U;) such that

X=(U,00, Y=(U,0)). (18)

From (U, Uy, U)), we define Vo : U — Uy, V) : U — U,
and W : U — Uy x U, as

Vo = Py o5 V)= Py W= Py,0,0- 19)

Since (15), (16), (17), (18), and (19) hold, we have
U=U Vy=W,

Vi=Vi, W=W (20)

Step 2) We bound the probabilities of the error by using ran-
dom variables introduced in Step 1. From definitions of the
rate and the optimal error exponent, o(g,0,R) < o(e,0, )
holds. Hence, it is enough if we prove that

0(g,0,00) < min D(Pxy||Pxy). 21
Py=Px

Py=Py

When the rate Ry is sufficiently large and Ry > log|Y|, we
can choose the encoder g, such that g,(y") = y". Further, as
mentioned in Remark 4, we can write

X' =), Y =" ul).
Thus, the acceptance region A, can be written as

A, = (", ug),(u”, u'l')) e (U" x 713) X (U" x (L{{’) :
G (fu(", up)), (", u})) = Pxy}.

Let the set A, € U" x Uy X U be
A, =" ug, u) (", up), ", u))) € Ay
Then, we have
Pyy(An) = Py, (A). (22)
Farther, for each u" € U", let the set A, (u") C Uy x U] be
Ap ") = {(ug, uy) = u(fu(W", up)), (", u)) = Pxy}
= {(ug, uy) s (u",up, uy) € ﬂ;l}.
Then A;, can be written as

A= | Wy x A, (23)
u ey
From (16), (22), and (23), we can rewrite (5) as
&2 Phy( A = > Pha )W AL "),
ureun

Letting
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U, =l e U - WAL < Ve,

and using Markov’s inequality, we can show that
1-+Ve< Py (ULy). (24)
On the other hand, we have

_pn ’
Bn —Pm(ﬂn)
> )
TUULU,
u”E’U{’SJ

", A (u")). (25)

Step 3) We apply similar argument as [3] for a fixed u" €
‘Llflg]. Define C;(#") and F;(u"*) by

Ciu") = {ufy € Uy = ful ", up)) = i}
Fiw") = {u} € U - ¢,Gi, (u", 1)) = Py

where C;(u") N C;(u") = 0 for all i # j. We can write
M,
Auw") = | Citw"y x Fica"),
i=1

Since u" € U”"

]’ there exists an index iy such that

1- Ve
T

n

WH(Ciy ") X Fiy(u)lu") >

Letting C(&") = C;,(v") and F(u") = F;,(u"), we can rewrite
it as

WHCU") x F)u") > exp(—nd,) (26)

where 6, 2 —1log(1- &)+ 1 log M, and 5, — 0. Equation
(26) clearly implies that

Vo (C(uM)lu") > exp(—nd,).
Thus, from Lemma 35, there exists k, and vy, such that

Vi@ Cwu"y = 1 - y,. 27)
From (20) and (27), we have

Ve cwhlu®y = 1 -1y, (28)
Similarly, we have

VIR F ") > 1=y, (29)
Equations (28) and (29) imply that

WA Cu") x T Fu)|u™) > 1 — 2y,

Hence, from Lemma 4, for all sufficiently large n, we have
N ~ 1
W ((Fk”C(u") X T4 F) 0 T (00)| u) >3 (0)

From (11) and (30), there exists a conditional type |14
such that
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DW|[WIPy) <1, W eV (Y 31)
and

| CQu"y x T () 0 T Wil 1

700 (Wum)| S 2

(32)
From (32), we have

—n l —_n o~

WA Cu")y x T Py 2 S WHT O (W), (33)

On the other hand, from the definition of I*', there
exists at least one element (ug, u}) € C(u") X F(u") such
that (ug,u}) differs from (s",1") € I“C@") x I'F@u")
for at most 2k,,. Moreover, from Conditional 1, we have
W(uo;i, uy.ilu;) > 0, where ug.; (resp. u;.;) is the ith symbol of
ug (resp. u}). Hence, we have

W'(s", 0y = | | Wesi ) < o7 W' (g )y (34)

i=1

where p £ min {W(uo, urlu) > 0: (u,ug, ur) € U X Uy X 7/{1}.
As (s",1") ranges over I'“Cw" x T F(u"), each ele-
ment (ug,u}) € C(u") X F(u") will be selected at most
IC% (w2} 0% {u?}] times.” Thus, we have

W' T Cu"y x T F(u™)u")

< > WG 39)
(s",1m)eTkn C(um)xThn F ()

< T IS (Yo 2 W (C ") x F(u")|u™)
< exp(ne; (M)W (Cu") X F(u")lu") (36)

where (35) follows from (34), and £i(n) = 2h(%) +

’j—l” (log |Uo| + log |U;|) — % logp — 0 and A(p) is the bi-
nary entropy. Combining (33) and (36), we have

W' (Cu") x FuM)\u")
> %exp(—nsl(n))Wn(T(”)(Wlu"))
> exp(—n(D(W||W|P,) + £2(n))) (37)
where (37) follows from Lemma 3 and &:(n) £ & (n)+ 22 +

G log(n + 1) = 0.
Hence, we have

P'l’wﬁ(u”, Cu™) x F(u"))
=W (C(u") x FQu")lu")Pi(u")
>PL(") exp (-n(DIWIWIP)) + £2(n) (38)
=exp (-nH(P,»)
x exp (-n(D(WI[WIP,s) + D(Ps||P7)) + £2(n)) (39)

"Note that, by the definition of I'*», we have l"""{u;f} = (i} €
’L{;‘ : d(ﬁ’},u;f) <k,}for j=0,1.
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=exp (—nH(P,))
x exp (~n(D(0 0o 01 |[TTUY)) + £2(n) (40)

where (38) follows from (37), (39) follows from (12), and
(40) follows from the chain rule for divergence [5]:

D(W|[WIP,) + D(PullPg) = D(UTUIUUGU )
where U, Uy, U, are random variables defined by
Py, o, ur) = P ()W (ug, uy |u0). (41)
Step 4) Combining (25) and (40), we have
Bz D exp(-nDWO00\[TTTY) + £2(m))
u"E’U{’SJ
X exp (—nH(Py))
> > Py
weldt, N7, ()
x exp (-n(DO Oy O1[TUTUY) + £2(m)) - (42)
where (42) follows from (13). Recall that (U, Uy, U,) is

defined by (41), and W satisfies (31). Thus, for u" €
ur,n T(0), there exists &, — 0 such that

IDOTOIUTUY) - DOTUUUU| < & (43)
Since D(UU,U,||UU,U,) does not depend on u”, we have

Bn 2 exp(-n(DT T U\ [UU,Uy) + £3(n)))
x ), Pol) (44)
weld, N7 (0)
> exp(-n(D(U U UL |[UUGUy) + &3(n)))
X (Po(ULL) + Po(TY(0) - 1)
> exp(-n(D(U U, UL |[UUGUy) + &3(n)))
x(1-Ve+1-¢-1) (45)
> exp(—n(D(PyllPxy) + €4(n))) (46)

where (44) follows from (43) and &3(n) = &(n) + &, — 0,
(45) follows from (24) and Lemma 2, (46) follows from (14)

and (18) and 4(n) £ s3(n) — 220VEw) _, ¢
Hence, we have

0(g,0,00) < D(PxyllPgy)-

Moreover, since Pyy satisfies the appropriate marginal con-
straints Py = Py, Py = Py as in (17), we have (21).

6. Generalization
In this section, we give a generalization of Theorem 1.

Theorem 2 Given Pxy and Py, assume that there exist dis-
tributions Pyys, Py y» and functions Ay, A, satisfying the
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following conditions:
1. A : X' > Xand A; : Y’ — Y satisfy
X, Y) = (AMi(X), Ao (Y")) (47)
(X,Y) = (AM1(X), Ap(Y")). (48)

2. Pxy and Py g satisfy the assumptions of Theorem 1,
i.e., D(Pyy||Pgy) < oo and Py satisfies Condition
1.

3. Pxy and Py satisty

min D(PgyllPgy) = min D(Pg.y||Pgy). (49)
Py=Px Py =Py
Py=Py Py =Py

Then, we have

o(s,0,RIXY, XY) = min D(Pg;l|Pgy). (50)
x=rx
Py=Py

Proof. From Proposition 1, we have

min D(Pyyl|Pgy) < o(e, 0, RIXY, XY). (51)

x=Px
Py=Py

On the other hand, by using A and A, satisfying (47)
and (48), we can convert any code (f,, gy, ¢,) for the hy-
pothesis testing XY versus XY into a code ( o Gns @), for
the hypothesis testing X’Y’ versus X’Y’ without increasing
the error probabilities @, and 3,. Indeed, we can construct

(fr> Gns &) as
Fi(xX™) £ fu(A (X))
g,y £ g.(May'™)

and for ¢; € M,, and ¢; € N,

Pxiyr (¢n(cy,c2) = Pxy)

¢p(c1,c0) = {PX'Y’ (#u(c1,c2) = Pgp).

This fact implies that
o(e,0,RIXY,XY) < o(s,0,RIX'Y", X' Y. (52)

Further, since Pyy- and Py y satisfy the assumptions
in Theorem 1, we have
o(e,0,RIX'Y ,X'Y) < P@? D(Pgy||Psy). (53)
P}(:P)y(,
Combining (51), (52) and (53) with the assumption (49), we
obtain (50). O

In the rest of this section, we give an example for which
the assumptions of Theorem 2 hold. To do this, we define
some notations.

Let us define X,, and Y, (n = 1,2...) as Xy £ X,
Yo=Y, and

X1 éXn\{xeXn : |{yeyn:Pﬁ(x,y)>O}| = 1}
Youii éyn\{yeyn . |{X€X,, : Pﬁ(x,y) >0}| = 1}



2390

Let n* be the minimum of n such that X,,.; = X, and Y,,;; =
Y,.

For any x ¢ X, let us define i(x) as follows: we can
choose the unique i (0 < i < n* — 1) such that x € X; and
x ¢ Xiy1. We denote such i by i(x). For x € X+, leti(x) = n*.
Fory € Y, j(y) is defined in a similar way.

For any x such that i(x) = i < n*, by the definition of
i(x) and X;, we have

ix)=iexeX;and x ¢ Xy
e dys.t. {y € Yig : Pxy(x,y) >0} =1,

and thus, we can choose the unique y € Y, satisfying
Psw(x,y) > 0. For x such that i(x) < n*, let s(x) € Yy
be such y. For y such that j(y) < n*, ((y) € Xj, is defined
similarly.

Letus X’ ={0,...,n" } xXand Y’ = {0,...,n"} x VY.
From Pyy on X X Y, we construct the distribution Px.3 on
X'xY’ as follows: Let Pg.y.((i, ), (j,y)) = Pxy(x, y) if (i, x)
and (j, y) satisfy one of the following three conditions
Casel i=j=i(x)=jy) =n",

Case2 i=j=i(x) # n* and y = s(x),
Case3 i=j=j(y) #n" and x = {(y).

Otherwise, let Py 3/ ((i, x), (j, y)) = 0.

Example 2 Let us consider Py in Table 2. From the defi-
nition of Xy and Y, we have

Xo={a,b,c}, Yy=1{d,e,f}.

Since [fy € Yo : Pgy(c.y) > O}] = |{f} = 1, we have

Xi={a,b}, Y=Yy ic)=0, s(c)=H.

Further, since |{x € Xy : Pyy(x,f) > O}| = |{b}] = 1, we have,

X2={a’b}’ yzz{d7e}’ J(f):l’

Since X3 = X5, Y3 = Y,, we have n* = 2. As a conse-
quence, we have Pg 3. in Table 3.

t(f) = b.

Now, we give an example for which the assumptions of
Theorem 2 hold.

Table2 XY.
x\y d e f
a pt p2 O

b P3 P4 Ps
Cc 0 0 D6

Table3 X'Y’.
¥\y | 2,d (2,0 (1,f) (0,f) others
2,a) Pl D2 0 0 0
(2,b) P3 P4 0 0 0
(1,b) 0 0 Ds 0 0
(0,¢) 0 0 0 Dé 0
others 0 0 0 0 0
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Proposition 3 Assume that (3) holds and that Py restricted
on X,- X Y, satisfies Condition 1. Then, the assumptions
of Theorem 2 hold.

Remark 5 In Proposition 3, “Pxy restricted on X,w X Y
satisfies Condition 1” means that Pg.y- on X,» X Y~ defined
by

.\ P(x,y)
Pgoy-(x,y) = XX

= W’ (x,y) € Xpp XY

satisfies Condition 1.

Proof. Let Py be the distribution constructed
from Py according to the construction above Example
2. Similarly, we construct Pyxy from Pyxy; ie., let
Pxy ((i, %), (J,y)) = Pxy(x,y) if (i, x) and (j, y) satisfy one
of the three conditions (Case 1-Case 3) above Example 2,
and let Pxy((i, x), (j,y)) = 0 otherwise. It should be em-
phasized that, in the construction of Pyy., we use n*, i,}j, S,
and t defined from Pgy (not Pyy)."

It is apparent that the functions A; : X” — X and A; :
Y — Yby

MG =x, Ma((iy) =y

Further it is not hard to see that if Py restricted on
X, XY, satisfies Condition 1, then Py, also satisfies Con-
dition 1. Moreover, if (3) holds then D(Pxy ||Pg3) < oo.
Thus, Pxy- and Px.y satisfy the assumptions of Theorem 1.

Hence, what we have to prove is that (49) holds.

From the definition of X, and Y-, we can show that if
Pgy satisfies that Py = Py, Py = Py, and D(Pxy||Pxy) < o
then Pyy must satisfy (i) Pg(x) = Px(x) for all x ¢ X,,- and
(i) Py(y) = Py(y) for all y ¢ Y,-. Hence, we have

in D(Pgy||Pxv
PI;EBX ( XY” Xy)

Py=Py
Pxy(x,y)
= Z Pxy(x,y)log Petr0)
(xy): xy\ Y
x¢X,» or y¢Y
Pzy(x, y)

+ min Z

(xy):
xeX,» and yeY

Pgy(x,y)log (54)

Pyy(x,y)

where the minimum in (54) is taken over all Py satisfying

> Py = Y Puny). xeX, (55)
yeY,» yeY,»
D Py =Y Puley. yede.  (56)
x€X,» x€X,+

Similarly, from the constructions of Py and Px:y:, we

If Pgy(x,y) > 0 & Pxy(x,y) > 0 for all x,y then n*, i, j, s, and
t defined from Pyy are identical with those from Pyy. However, if
there exists (x, y) such that Pxy(x, y) > 0 and Pxy(x,y) = O then n”,
i,j,s, and t defined from Pyy may not be identical with those from

Pxy.
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have

min D(Px.3||Pxy)

PXI :PX’
Py, =Py
. . . P}?’f”((l’ )C), (]3 y))
= min Py (0, x), (J,y) log =———————=
Py =Py | . Z ) Xy »Y £ Pzy (i, %), (J,y)
Py =Py~ 60,09):

Case 2 or 3

Y

(x.y):
x€X,+ and yeY

= Z Px vy ((i, x), (]’ y)) IOg

(0,x),(jiy):
Case 2 or 3

+ min Z

sz/)'/r((n*a x), (n*9 U)) log
(xy):

x€X,» and yeY

o) o P00 )
R e RN)
PX’Y'((i’ x)’ (,]’ y))
PX’Y'((i’ )C), (.]9 y))

PX'/}_N((n*’ X), (n*’ y))

Pxy(x,y)
= Z Pxy(x,y)log PX_Yixy)
(vp: X7y
X¢Xyx or y¢Y -
Pyy(x,y)

Pzy(x,y)log (57)

+ min Z
(x.y):
xeX,+ and yeY

Ps7(x,y)

where the minimum in (57) is taken over all Py satisfying
(55) and (56).
By combining (54) and (57), we have (49). O

It is not hard to see that if (3) holds and |X| < 2 or
|Y| < 2 then

1. the positivity condition is satisfied, or
2. the assumptions of Theorem 1 are satisfied, or
3. the assumptions of Proposition 3 are satisfied.

Hence, we have the following corollary.

Corollary 1 Assume that (3) holds and that |X| < 2 or || <
2. Then, we have

o(e,0.RIXY.XY) = min D(PsyllPry)-
x=Px
Py=Py

7. Conclusion

In this paper, we proved that Shalaby and Papamarcou’s up-
per bound of the optimal error exponent for multiterminal
hypothesis testing holds under a condition weaker than their
condition.

However, there are some cases for which error expo-
nent is not determined yet. For example, Pxy in Table 4
dose not satisfy the positivity condition nor conditions given
in this paper. Although the authors conjecture that Shalaby
and Papamarcou’s bound holds if D(Pxy||Pxy) < oo (i.e.,
Han’s bound is tight), it remains as a future work to prove
this conjecture.

In this paper, we focus our investigation on the two en-
coders system. On the other hand, Shalaby and Papamar-
cou showed that their result with the positivity condition
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Table 4
[x\y|[ 1 2 3
1
2
3

Alternative hypothesis XY

q1 q2 q3
q4 45 q6
91 g5 O

can be extended to the systems employing arbitrary finite
number of encoders [3, Section IV]. Based on the same ar-
gument as [3, Section IV], it is not so hard to extend our
Theorem 1 to the case where the number of encoders is m.
To do this, we need to generalize the conditional positivity
condition as follows: Assume that the i-th encoder can ob-
serve (U, U;—;) and the conditional distribution Py, w0

of (ﬁo, e ,ﬁm,l) given the common random variable U
is positive (i.e., Py, 7, i satisfies the positivity condition
such as (7)). We can see that the statements given in Section
IV of [3] holds not only under the positivity condition but
also under the conditional positivity condition generalized
as above. Although the above generalization is straightfor-
ward, we may be able to extend our result to more general
case. For example, we may consider cross observations at
the encoders (such as [8]) and assume an appropriate condi-
tion on the joint (and/or conditional) distribution of sources.
It remain as a future work.

Furthermore, some important problems remain as fu-
ture works:

o In the paper [9], Shalaby and Papamarcou generalized
their result in [3] to the case where the source is a cor-
related Markov process. In [9], it is assumed that the
transition matrix of the alternative hypothesis satisfies
the positivity condition; this assumption corresponds
to the positivity condition in [3]. It is an important fu-
ture work to establish the result of [9] under a weaker
condition.

o In this paper, we consider only the case where the al-
phabets X and Y are finite. It is also important future
work to generalize the result to the case where alpha-
bets are countably infinite or continuous.
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